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Abstract

Karl Kerényi, the internationally renowned Hungarianssii@al philologist and scholar of religion, carried out-sig
nificant mythological research on the labyrinth, both as ltucal symbol and a specific geometrical structure. In
this paper, we summarize Kerényi's main findings and conhiscmythological studies with visual-mathematical
and ethno-mathematical research to provide a geometricaiagpological analysis of these symbolic structures. In
our visual mathematical analysis, we propose a very simplé¢ dnd paste” construction of labyrinths based on a
system of parallel black and white strips. Then we genexdhiz concept of the labyrinth and extend it to arbitrary
graphs. Finally, we introduce an interesting example feruse of labyrinthine structures in contemporary art and in
interactive exhibitions promoting experience-centerdacation of mathematics.

Introduction: Labyrinth Studies and Archaeology

According to the Greek myths, the skillful craftsman Daedatreated the Labyrinth. The purpose of this
special architectural structure was to imprison the Mingtthe son of Pasiphaé, the wife of the Cretan King
Minos. The myth of the Cretan Labyrinth has been a subjecpetdations and archaeological, historical,
and anthropological research for a long time — just as thealieepresentations of labyrinthine structures
concern not only art historians, but mathematicians too.

Karl Kerényi (1897-1973), the internationally renownethalar of religion — colleague of Carl Gustav
Jung, and a friend and advisor of Thomas Mann — returned tftee me to the mythological research
of the labyrinths and interpreted them both as cultural sylmand specific geometrical structures. Right
from the beginning of his labyrinth studies, Kerényi imduzed the labyrinth from three closely interre-
lated main aspects: 1) he discussed the labyrinth as a mytoostruction; 2) as a spiral path that was
followed by dancers of a specific ritual; and 3) as a structhat was represented by a spiral line. In his
1941 essay seriesl|[1], he summarized the most importaneptof the previous studies and made several
original observations and comparisons, which are stillelyidjuoted and referred to in Labyrinth Studies.
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With the comparative mythological and morphological aseyf the Babylonian, Indonesian, Polynesian,
Australian, Normand, Roman, Scandinavian, Finnish, BhglGerman, and medieval and Greek labyrinth
tradition, he has proven the global presence of labyriettstiuctures and revealed the artistic and archi-
tectural impulse behind the creation of them to rituals amticcdances when participants followed spiral
lines and made meandering gestures and dance-movemeh&63nKerényi devoted a lengthy essay to the
Greek folk dance [2] and pointed out how the movements of tiogeat labyrinth dances were transformed
into the main components of tlsyrtos a dance that is still performed in Greece today. And in lesth@ok
written in 1969 [3], where he explored the Cretan roots ofdhk of Dionysos, he discussed in depth the
labyrinthine and meander-like patterns of Knossos in daateand architecture.[([3], 89-128)

"When a dancer follows a spiral, whose angular equivaleptégisely the meander, he returns to his
starting point,” wrote Kerfyi, quoting Socrates from BlatdialogueThe Euthydemus Socrates speaks
(at 291b) there of the labyrinth and describes it as a figuresetmost easily recognizable feature is an
endlessly repeated meander or spiral line: "Then it seeikeddlling into a labyrinth; we thought we were
at the finish, but our way bent round and we found ourselvesasre back at the beginning, and just as
far from that which we were seeking at first/ [([3], 92-93). Acding to Socrates’ account, "the labyrinth
is a confusing path, hard to follow without a thread, but,vided one is not devoured at the mid-point,
it leads surely, despite twists and turns, back to the bégirinTo explain the development and variations
of the structure, Kerényi calls attention to a fresco onghmund floor of the palace of Knossos|([3], 94),
which has a complex meander pattern that runs not only in oBetwn but which also lacks an entrance
or exit to the system as a whole. Based on this fresco, Kedascribes the labyrinth construction "as
an ingenious composition of endless spirals or meandepefdiing on whether the drawing is round or
angular) on a delimited surface. There resulted a clasgictre of this procession, which originally led by
way of concentric circles and surprising turns to the deeisurn in the center, where one was obliged to
rotate on one’s own axis in order to continue the circuit],(BB). The labyrinths’ "surprising turns” and the
"decisive turn in their center” is responsible for their dyotic meaning as well. Kerényi sees the labyrinths
as depictions of Hades, the underworld, and interpretsttbetares as narrative symbols which express the
existential connection between life and death, betweewlheion of the dead and the return of the eternal
living.

From a morphological perspective, Kerényi presupposes#msformation of the spiral to the meander
pattern because the straight lines were easier to draw,atitesounded form was early changed into the
angular form. For Kerényi, the meander is the figure of atdaltly in linear form. In the third to second
centuries B.C., as he explains, we find the figure and the wumisiakably related: in the Middle Ages, the
labyrinths were also called meandeis ([1], 249). Regarttisgnorphological evolution of the labyrinthine
forms in art, architecture, and ornamentation, and takmg account the structure’s complex and generic
relationship with meander-like ornaments, we find a dedaikescription of the connection between meanders
and labyrinths in the VIII-IX chapters of W.H. Matthews’ Hgdviazes and Labyrinthf].

Although both Matthews and Kerényi made the connectiowéen labyrinths and meanders clear, and
there were also comprehensive studies and sophisticadnations even in the field of archaeology on
the technical questions of the geometrical constructimblpms of the ancient Greek labyrinths| [5] the
ornamental evolution of the angular labyrinths were natwsed by any of them in a way that could explain
the geometrical development process underlying them.difalfowing, an example for an alternative, visual
mathematical approach is given.

Labyrinth Studies and Visual Mathematics

We have found that the oldest examples of geometrical orntatien in Paleolithic art were from Mezin
(Ukraine) dated to 23 000 B.C.
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Figure 2: (a,b) "Cut and paste” construction; (c) Kufic tiles.

At first glance, the ornament on the right side of Figure 1aeappto not be significant—it is an ordinary
set of parallel lines. The next series of ornaments from Kézmore advanced. The previously mentioned
sets of parallel lines are arranged in friezes and meandtarps that can still be considered as sketches
(Figure[1d,1d). However, among them appears the first knoeandfer frieze in the history of mankind,
well known under the name "Greek key”. Take a set of paralhed, cut a square or rectangular piece with
the set of diagonal parallel lines incident to the first omesate it by90°, and if necessary translate it in
order to fit with the initial set (Figurel 2a). More aesthdticaleasing result will be obtained by using the
initial set of black and white strips of an equal thicknesigj(Fe[2b).

From meanders to labyrinths

The word "labyrinth” is derived from the Latin worabris, meaning a two-sided axe, the motif related to
the Minos palace in Knossos. The walls of the palace wererdmbby these ornaments while the interior
of the palace featured actual bronze double axes. This isribim of the name "labyrinth” and the famous
legend about Theseus, Ariadne, and the Minotaur. The Ctabaminth is shown on the silver coin from
Knossos (400 B.C.) (Figufé 3a).

The simplest natural maze or labyrinth is a spiral meandg@iee@ewise-linear equidistant spiral. It is
defined by a simple algorithm: start from a central point after &very step turn b90° and continue with
the next step, where the sequence of step distandes,ig, 2,3,3,4,4 .. .. Tracing this sequence, we have a
maze patha simple curve connecting the beginning point (the entranath the end point (Minotaur room).

First we consider Simple Alternating Transit mazes, or SAdzes [[6]. A SAT maze is laid out on a
certain number of concentric or parallelels A maze issimpleif the path makes essentially a complete
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Figure 4: Meander permutation and "unrolling” procedure of a maze.

loop at each level; in particular, it travels on each levedaly once. It isalternating if the maze-path
changes direction whenever it changes level, teaasit if the path runs without bifurcation from the outside
of the maze to the center.

Definition 1. An open meander is a configuration consisting of an orientegle curve, and a line in the
plane, the axis of the meander, that cross a finite numbenmgiand intersect only transversally. Two open
meanders are equivalent if there is a homeomorphism of #reephat maps one meander to the other [7].

Most simple alternating transit mazes occur in a spiral deaform with the path leading from the
outside to the center. Each such maze can be sliced dowristaed unrolled into an open meander form.
Now the path enters at the top of the maze and exits at therbotte top level (center) of the maze becomes
the space below the open meander form. This process igdtadtin Figuré 4 for the Cretan maze. The
topology of a SAT maze is entirely determined by its levelusswe, i.e., its open meander permutation.
The modern study of meanders enumeration problem is irtspiyédrnol’d [8]. However, at the same time
Warren Smith (1988 Princeton thesis) and Kazakov-Kostaewscovering the same enumeration problem,
so itis a nice example of mathematical simultaneity [6]. Kers occur in polymer physics, map folding, in
the study of planar algebras (in particular, Tempereleblalgebra), and in knot theory, where we recently
introduced a new concept: meander knots and links [9]. lfitkersections along the axis are enumerated
by 1,2,3,...,n every open meander can be described by a meander permwbticatern: the sequence of
n numbers describing the path of the meander curve. For exartiid open meander (Figure 4) defining
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Figure 6: Knossos

dancing pattern”.

the Cretan maze is coded by the meander permutéBioh 1,4, 7,6,5). Hence, the enumeration of open
meanders and their corresponding SAT mazes is based onriliatide of meander permutations. For the
derivation of open meanders one can useMiaghematicgprogram "Open meanders” by David Bevanl[10],
which we modified in order to compute open meander permuistio

How does one construct a unicursal maze without knowledgmoiputer programs and topological
transformations? Figuifd 3 shows an elegant way to consar@etan maze: draw a black spiral meander
(Figure[3b), cut several rectangles or squares, rotate @attlem around its center by tl#° angle, and
place it back to obtain a labyrinth (Figuré 3c). Even very ptern mazes can be constructed in this way
(Figure[3). It is interesting to notice that even Knossosiriding pattern”, using the shape of a double axe,
can be reconstructed in a similar way (Figufe 6). So, a ngnifitant pattern (Figurgl 1a), ap-tile [11],
can be considered as a logo of a Paleolithic designer, froidhwiezin ornaments can be created.

Kufic tiles

If in a black and in a white square we construct one diagomgbreof opposite color, we obtain two modular
elements called Kufic tiles (Figufé 2c. From these modulemehts, named by S. JablKnfic tiles you
can create square Kufic letters and Kufic scripts: the wribiigtters, names, and texts, where all black and
white lines are of the same width. Kufic tiles can be used asdpior the construction of all possible mazes.

Professor Donald Knuth, a master of computer art and theoawththe program TeX, designed new
TeX-fonts from our Kufic tiles{ttp://www-cs-faculty.stanford.edu/~knuth/graphics.html).
The text and the Knossos labyrinth in Figlie 7 are typed usisdonts.
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Figure 7: Text written with Knuth’s fonts based on our Kufic tiles.

Labyrinths revisited

Every labyrinth has the same goal: to uniformly cover sonea@nd provide a path for Theseus to get to
the Minotaur’s room. Traditionally, most labyrinths arersyetrical, in a form of a system of concentric
squares or its octagonal or circular topological variatjomhere, as usual, the Minotaur is in the centel [12].
In some cases, the creators of labyrinths tried to change thées: at least to break symmetry or change
the standard shape of a labyrinth (Figlte 9). However, ta&senpts are sometimes followed by a small
imperfection (see the gray isolated squares in Figure 9)d@ing the last few thousand years, the labyrinth
game became boring, probably not only for Theseus and thet®lin One possibility to make it more
interesting is to translate just the first sentence of thiagraph, a definition of a labyrinth, to the language
of mathematics: in a given plane graph(e.g., grid graphG(m,n)) a labyrinth is a Hamiltonian path in
G connecting the entrance: a vertex belonging to an exteata With some internal vertex. This gives a
chance to the Minotaur to hide in some part of the graph (Ei@u), or even to survive: to find a safe place,
vertex inG that is not reachable from the entrance by any Hamiltoniah. p&itting in this safe place, he
can think about the mathematical problem: how many safécesraire iniz for a fixed entrance point. After
exhausting all possibilities, maybe he can propose to Tisege play a new game in some 3D-labyrinth
(Figure[8, where is shown only the path in this 3D-labyrirthg internal and external planar faces, the walls
of the labyrinth, are omitted), or even imadimensional grid graph.

Some sophisticated labyrinthine solutions are shown il and Figuré 11. These works demon-
strate that the expressive power and cultural significahlabdgrinths did not decrease throughout the history.
This high cultural and mathematical potential of labyrinthstructures also can be employed in education
of mathematics and arts. At the previdBisdgesConferences there were many remarkable examples of the
simple and ingenious educational implementation of laitiig by Samuel Verbiese [14]. The authors of this
article also successfully experiment with the use of laiiis in the playful education of visual mathematics.
As it was shown in works by Ben Nicholson and S. Jablan (Fifie labyrinths can be composed from
modular tiles:Versi-tiles(the name proposed by B. Nicholson),@p-tiles[11]. Our educational tools based
on this idea proved to be very popular elements of our inteeacnath-art exhibits and workshops, orga-
nized by the Experience Workshop Math-Art Movement, andigetlemonstrate a lot of surprising features
of complex structures based on modularity (Fidure 10).

In contemporary art, in the work of Peter Kogléer [13], we cae s skillful placing of a maze on a
non-flat surface—the multiple walls of a room, showing thattinths are topological structures (Figlré 11),
and covering of a floor with the anamorphic view of a labyrimthich highlights very clearly the "rotated
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(a) (b)
Figure 8: (a) Labyrinth path inG(13,13); (b) 3D-labyrinth path in a grid graphG(5,5,5),
where T stands for Thaeseus, and M for Minothaur.

e

Figure 9: (a) Labyrinth from Basilique Notre-Dame, St. Omer; (b) ldbth from Cattédrale
St.-Franois-de-Sales, Chagnty.

Figure 10: Modular labyrinth from Bridges conference ireEs 2010 (photos by Norbert Hath.)
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®
Figure 11: (a),(b) Works by P. Kogler; (c) "Letter S” by S. Jablan.

rectangles” described earlier (Figlrg 11b). Intentignaied, this anamorphic property of labyrinths offers
some new possibilities explored in "horizontal graphicg"$ Jablan (Figure11c).
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